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In a recent paper [J. P. M. Pitelli, Phys. Rev. D 99, 108701 (2019)], one of us showed
that the vacuum state associated to conformal fields on a Poicaré patch of anti-de Sitter
spacetime is not AdS invariant for fields satisfying non-trivial boundary conditions (by
non-trivial we mean neither Dirichlet nor Neumann) at the conformal boundary. In this
way, two isometrically related observers in anti-de Sitter space have different notions of
no particle content. Therefore, an observer who is suddenly transported to a different
(but isometrically related) frame will feel a bath of particles. This process contradicts our
intuitive notion based on our experience in Minkowski spacetime, where the vacuum is
Lorentz invariant, and no particle is produced between boosted frames. We show that the
total number of produced particles is finite, but grows without limit when we approach (via
isometric transformation) Dirichlet or Neumann boundary conditions since in these cases
the vacuum is invariant.
INTRODUCTION
It is well known that two inertial observers in Minkowski spacetime have the same notion of
no particle content. The vacuum state in these frames is Lorentz invariant and uniquely defined
given the global hyperbolicity of the spacetime. In this way, to experience non-trivial effects in
the absence of sources/matter, we need an accelerated observer. This (non-inertial) observer feels a
thermal bath of particles with a temperature proportional to the acceleration (Unruh effect1). This
situation changes dramatically in non-globally hyperbolic spacetimes. Since there is no Cauchy
surface, the evolution of classical fields may not be uniquely defined given the initial data. In
addition to the timelike Killing field, which determines the positive energy solutions, one should
specify a boundary condition at the edge of spacetime. This edge can be a naked singularity, like
the one found on a conical spacetime2,3, or even a timelike boundary as the one found in AdS4–6.
In this way, for each boundary condition, there is an associated vacuum state. One crucial question
is whether this vacuum state satisfies the symmetries of the background spacetime. If this is not the
case, then observers who are isometrically related may have different notions of particle content.
In Refs. 4 and 5, the authors showed that the vacuum might not be invariant under isometric trans-
formations, even in a maximally symmetric spacetime, like anti-de Sitter space. For a conformal
field on a Poincaré patch of AdS2 (denoted PAdS2), this break of invariance can be explained in the
following way7: given the metric
ds2 =
−dt2+dz2
z2
, z > 0 (1)
on the patch, the Klein-Gordon equation reduces to the wave equation
∂ 2ϕ(t,z)
∂ t2
=
∂ 2ϕ(t,z)
∂ z2
, z > 0. (2)
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2To solve this equation, one also needs a boundary condition. One suitable choice is the Robin
boundary conditions, i.e.,
ϕ(t,z = 0)−β ∂ϕ(t,z = 0)
∂ z
= 0, (3)
since they provide the self-adjoint extensions of the spatial component of the wave equation, which
ensures a sensible dynamical evolution for the field8,9. In Eq. (3), β is a parameter with the di-
mension of length. At this point, it becomes clear that the Klein-Gordon equation in PAdS2 is
equivalent to the wave equation in R× (0,∞) endowed with the Minkowski metric. Since there is
only one global symmetry in this case, namely time invariance, there is no guarantee that the other
symmetries in PAdS2 will be respected. Nevertheless, there are two cases in which AdS invariance
is preserved, namely when β = 0 (Dirichlet) and β = ∞ (Neumman). In these cases, the boundary
conditions do not introduce any additional length scale. For 0 < β < ∞, the vacuum is not AdS
invariant, and we expect that the notion of particle content will change even when performing a
symmetry transformation.
We consider a dynamical process in which an observer initially in a frame (t,z) suddenly (at t =
t ′ = 0) switches to another frame (t ′,z′) related to the first one by an isometric transformation. We
will see that, in contrast to what happens in Minkowski spacetime, where two inertial frames share
the same vacuum state and a boosted observer does not feel any quantum field effect, the observer
in PAdS2 will feel a bath of particles. As will be displayed later, the role of this instantaneous
symmetry transformation on the field ϕ is that of changing the boundary condition at the conformal
boundary. Since each boundary condition gives a particular notion of vacuum, this sudden change
of boundary condition will be responsible for the creation of particles. A similar situation occurs
when there is an instantaneous change in the boundary condition satisfied by a scalar field in (1+1)-
dimensional Minkowski spacetime with finite spatial interval. This setup mimics the emergence of
a singularity at each spatial boundary (chosen as x= 0 and x= pi w.l.o.g.). In Ref. 10, Ishibashi and
Hosoya studied this scenario, showing that if at t = 0 a scalar field ϕ changes from Neumann (N)
to Dirichlet (D) boundary condition at the spatial boundaries, then an infinite number of particles
is produced so that the in and out vacua are not unitarily equivalent. In Ref. 11, the same effects
were investigated in R× [0,∞), i.e., Minkowski spacetime with a semi-infinite spatial component.
Miyamoto showed that both the N→D and D→N cases also lead to an infinite number of produced
particles within this setup.
In the two references above-mentioned, the authors argue that the sudden change of boundary
condition may mimic the creation of a naked singularity. Here, we investigate the production of
particles due to a change in boundary conditions in a completely different (and, probably, more
physical) situation. We show that an isometric transformation in PAdS2 at t = 0 changes the (Robin)
boundary condition respected by the scalar from β to β ′ (where β ′ is not arbitrary but is related to
β by the isometry). We compute precisely the total number of particles produced in this sudden
change of frames, revealing that it is finite when 0 < β ,β ′ < ∞ (when the vacuum is not AdS
invariant) and tends to infinite in the limits β ′→ 0 or β ′→ ∞. The latter follows from the change
between a non-AdS invariant vacuum to an AdS invariant one.
CHANGE OF FRAMES
There are three Killing fields on PAdS2, namely
ξ1 = ∂t ,
ξ2 = t∂t + z∂z,
ξ3 = (t2+ z2)∂t +2tz∂z.
(4)
The flows of these fields generate coordinate transformations preserving the metric (1) as well as the
conformal boundary. Clearly, the wave equation (2) is invariant under these transformations. How-
ever, to solve this equation we need a boundary condition of the form (3), which fixes a preferred
3frame. Since ξ2 and ξ3 in (4) transform the spatial coordinate, symmetries transformations gener-
ated by them will change the boundary condition at the conformal boundary. It is straightforward
to see that the coordinate transformation due to ξ3 would drastically change the boundary condition
from the Robin form to a time dependent one. Conversely, the coordinate transformation generated
by ξ2 is simpler and given by
t ′ = λ t,
z′ = λ z,
(5)
with λ > 0. This change of coordinates modifies the boundary condition (3) to
ϕ(t ′,z′ = 0)−βλ ∂ϕ(t
′,z′ = 0)
∂ z′
= 0. (6)
In this way, if |0〉β is the vacuum for the frame (t,z), then the natural vacuum for the transformed
frame (t ′,z′) is given by |0〉βλ . These two vacua are different and we will see how they are related
by studying the Bogoliubov coefficients between both representations ϕβ and ϕβλ for the field
respecting the wave equation (2).
BOGOLIUBOV COEFFICIENTS
In this section, we will calculate the Bogoliubov coefficients which appear due to a sudden (at
t = t ′ = 0) change of frames (t,z)→ (t ′,z′). This setting is equivalent to an instantaneous change of
boundary condition satisfied by the scalar field at the conformal boundary z = z′ = 0. We will see
that this sudden change of boundary condition mixes the positive and negative frequencies solutions
(with respect to the same Killing field ξ1), being responsible to the production of particles at t = 0.
Given the wave equation (2) and a boundary condition of the form (3) for the conformal scalar
field in PAdS2 for t < 0, it can be readily checked that ϕ can be expanded in the form
ϕ(t,z) =
∫ ∞
0
(
aωu
(β )
ω (t,z)+a†ωu
(β )∗
ω (t,z)
)
dω, (7)
with the complete set of modes {u(β )ω (t,z)}
u(β )ω (t,z) =
1√
piω
sinωz+βω cosωz√
1+β 2ω2
e−iωt (8)
being orthonormal in the Klein-Gordon inner product
( f ,g) =−i
∫ ∞
0
f (t,z)
←→
∂t g∗(t,z)dz. (9)
After the change of frames Λ : x = (t,z)→ x′ = (t ′,z′) at t = 0 given by Eq. (5), the modes
transform as
u(β )ω (x)→ u(β )
′
ω (x) = u
(β )
ω (Λ−1x). (10)
The field ϕ become (for t > 0)
ϕ ′(t,z) =
∫ ∞
0
[
aωu
(β )
ω
( t
λ
,
z
λ
)
+a†ωu
(β )∗
ω
( t
λ
,
z
λ
)]
dω
=
∫ ∞
0
aω
1√
piω
sinω zλ +βω cosω
z
λ√
1+β 2ω2
e−i
ω
λ tdω+ c.c.,
(11)
4where c.c. means complex conjugate. By redefining ω → λω˜ in the above equation, it becomes
clear that this equation is equivalent to a change in boundary conditions β → βλ , i.e.,
ϕ ′(t,z) =
∫ ∞
0
√
λaλω˜√
piω˜
sin ω˜z+βλω˜ cos ω˜z√
1+β 2λ 2ω˜2
e−iω˜tdω˜+ c.c.
≡
∫ ∞
0
[
bω˜u
(βλ )
ω˜ (t,z)+b
†
ω˜u
(βλ )∗
ω˜ (t,z)
]
dω˜.
(12)
Following Ref. 8, given an extension Aβ˜ (corresponding to a boundary condition represented by
the parameter β˜ in (3)) of the spatial part of the wave operator, namely A =−∂ 2/∂ z2, the solution
of the wave equation can be found through the relation
ϕ β˜ (t) = cos
(√
Aβ˜ t
)
ϕ(0)+
1√
Aβ˜
sin
(√
Aβ˜ t
) ∂
∂ t
ϕ(0), (13)
with ϕ(0) and ∂∂ tϕ(0) being the initial data.
Our dynamical process can be described in the following way: Suppose that at t = 0, an observer
initially at the (t,z) frame is transported to the (t ′,z′) frame given by (5). Before t = 0, positive
frequency solutions satisfied (3). After t = 0, they satisfy (6). It is straightforward to check that
u(β )ω (0,z) =
∫ ∞
0
g(ω, ω˜)u(βλ )ω˜ (0,z)dω˜, (14)
with
g(ω, ω˜) = 2ω˜
∫ ∞
0
uβω(0,z)u
βλ∗
ω˜ (0,z)dz
=
∫ ∞
0
1√
piω
sinωz+βω cosωz√
1+β 2ω2
1√
piω˜
sin ω˜z+βλω˜ cos ω˜z√
1+β 2λ 2ω˜2
dz
=
1+λβ 2ω2√
1+β 2ω2
√
1+β 2λ 2ω2
δ (ω− ω˜)− β
pi
1√
1+β 2ω2
√
1+β 2λ 2ω˜2
√
ω˜
ω
(1−λ ) ωω˜
ω2− ω˜2 .
(15)
The modes uλω at late times are then given by (13) with β˜ = βλ and initial conditions
u(in)ω (0,z) = u
(β )
ω (0,z) =
∫ ∞
0
g(ω, ω˜)u(βλ )ω˜ (0,z)dω˜, (16)
and
∂
∂ t
u(in)ω (0,z) =−iωu(in)ω (0,z). (17)
By plugging Eqs. (16) and (17) in Eq. (13), we find that
u(β )ω (t,z) =
∫ ∞
0
g(ω, ω˜)
[
cos(ω˜t)u(λβ )ω˜ (0,z)− i
ω
ω˜
sin(ω˜t)u(λβ )∗ω˜ (0,z)
]
dω˜
=
∫ ∞
0
g(ω, ω˜)
2
u(λβ )ω˜ (0,z)
[(
1+
ω
ω˜
)
e−iω˜t +
(
1− ω
ω˜
)
eiω˜t
]
dω˜
≡
∫ ∞
0
(
αωω˜u
(βλ )
ω˜ (t,z)+ γωω˜u
(βλ )∗
ω˜ (t,z)
)
dω˜,
(18)
where αωω˜ and γωω˜ are the Bogoliubov coefficients given by
αωω˜ =
1+λβ 2ω2√
1+β 2ω2
√
1+β 2λ 2ω2
δ (ω− ω˜)+ 2β
pi
1√
1+β 2ω2
√
1+β 2λ 2ω˜2
(1−λ )
√
ω˜ω
ω− ω˜ ,
γωω˜ =
2β
pi
1√
1+β 2ω2
√
1+β 2λ 2ω˜2
(1−λ )
√
ω˜ω
ω+ ω˜
.
(19)
5The total number of particles produced can be found by integration of |γωω˜ |2 and it is given by
N(λ ) =
∫ ∞
0
∫ ∞
0
|γωω˜ |2dωdω˜
=
2log(λ )
(−2λ 2+ (λ 2+1) log(λ )+2)+pi2(λ −1)2
pi2(λ +1)2
.
(20)
The plot of N(λ ) can be found in Fig. 1. Notice that N(λ = 1) = 0 as expected (no transformation
at all) and N(λ ) tends to infinity in the limits λ → 0 and λ → ∞. This behaviour is expected since
in these cases we are going from a non AdS invariant frame to an invariant one.
FIG. 1. The total number of produced particles as a function of the parameter λ of the frame transformation.
CONCLUSIONS
We studied a dynamical process in which an observer in PAdS2 is instantaneously transported
to an isometric frame. We showed that, if the scalar field satisfies a non-trivial boundary condi-
tion when t < 0, then particles will be produced during the process at t = 0 due to the break of
AdS invariance. This setup is equivalent to a sudden change of boundary conditions in R× [0,∞)
Minkowski spacetime. On both cases, when the initial vacuum is not given by a field satisfying
Dirichlet or Neumann boundary condition, the number of produced particles is finite.
Notice that this effect does not appear in other globally hyperbolic, maximally symmetric space-
times, such as Minkowski and de-Sitter. A similar outcome would follow from a boost transfor-
mation in Minkowski spacetime with a point in space removed. It is worth pointing out, however,
that in this case, the boost is no longer one of the symmetries of spacetime. This new result we are
proposing is essentially a quantum effect since, classically, all symmetries are preserved.
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